Abstract. We study the relationship between exact interpolation spaces for positive, linear operators, for order preserving, Lipschitz continuous operators, and for positive Gagliardo-Peetre operators, and exact partially K-monotone spaces in interpolation couples of compatible Banach lattices. By general Banach lattice theory we recover a characterisation of exact interpolation spaces for order preserving, Lipschitz continuous operators in the couple (L 1 , L ∞ ) due to Bénilan and Crandall.
Introduction
Motivated by the study of nonlinear semigroups acting on the whole scale of L p spaces, Bénilan and Crandall in their article [6] on completely accretive operators introduced the class of normal spaces. These spaces can be described as the class of intermediate spaces X between L 1 and L ∞ such that every order preserving, possibly nonlinear operator S :
∞ which is contractive both with respect to the norms in L 1 and L ∞ , and whose domain D S satisfies an additional compatibility condition with respect to the order structure, is contractive also with respect to the norm in X. In other words, normal spaces are the exact interpolation spaces for admissible, order preserving, Lipschitz continuous operators on the interpolation couple (L 1 , L ∞ ). In this note we study the problem of understanding exact interpolation spaces for order preserving, Lipschitz continuous operators (and other operators) in general interpolation couples of Banach lattices. An important ingredient in the approach by Bénilan and Crandall, which is a variant of the Riesz interpolation theorem due to Brezis and Strauss [13] , and which uses basic properties of integrals, is here not available. Any proof can only rely on the general theory of Banach lattices. For us, a particular emphasis lies in the identification of exact interpolation spaces for three classes of operators, namely for positive, linear operators, for order preserving, Lipschitz continuous operators, and for positive Gagliardo-Peetre operators (see Section 4 for the definition of these operators). "Exact" interpolation space means here that operator norms of admissible operators in the interpolation space are less than or equal to the respective operator norms in the endpoint spaces of the interpolation couple. Besides the various exact interpolation spaces we further introduce the notion of exact partially K-monotone spaces; see Section 2. As a corollary to our abstract results we obtain the following theorem which extends the result by Bénilan and Crandall mentioned above: it says that in the case of the interpolation couple (L 1 , L ∞ ) over a σ-finite measure space, the various classes of exact interpolation spaces, the class of exact partially K-monotone spaces and the class of normal spaces coincide. Theorem 1.1. Let (Ω, µ) be a σ-finite measure space, and let X be an intermediate space for the interpolation couple (L 1 (Ω), L ∞ (Ω)). Then the following are equivalent:
(i) The space X is an exact partially monotone space (= normal space in the terminology of Bénilan and Crandall).
(ii) The space X is an exact partially K-monotone space.
(iii) The space X is an exact interpolation space for positive Gagliardo-Peetre operators. (iv) The space X is an exact interpolation space for (admissible) order preserving, Lipschitz continuous operators with solid lattice domain. (v) The space X is an exact interpolation space for (admissible) positive, linear operators.
Our abstract results actually say that the above theorem remains true in a more general class of interpolation couples of compatible Banach lattices in which a variant of the Calderón-Ryff theorem remains ture, and that the implications (ii)⇔(iii)⇒(iv)⇒(v) are true in all interpolation couples of compatible Banach lattices; see Theorem 4.8.
We emphasize that the question of being an exact interpolation space is also a question of the underlying norm of the space. We prove that the interpolation spaces for positive, linear operators and the interpolation spaces for bounded, linear operators (both not necessarily exact) coincide for all interpolation couples of compatible Banach lattices; see Lemma 2.2. This may be somewhat surprising since not every admissible operator on the endpoint spaces need be regular, that is, it need not be the difference of two positive operators. And in fact, as Lozanovskii's example shows it does not hold for general interpolation couples of Banach lattices; cf. [23] , [10] , and [30] . We point out that the fact that some interpolation spaces for positive, linear operators and the interpolation spaces for bounded, linear operators coincide is known to hold in certain interpolation couples of ordered Banach spaces, too, namely in the case of noncommutative L 1 and L ∞ spaces; see Veselova, Sukochev and Tikhonov [32, Theorem 5.1] . Concerning exact interpolation spaces, however, we give easy examples of interpolation spaces of interpolation couples of Banach lattices which are exact for positive, linear operators but which are not exact for bounded, linear operators; see Remarks 2.3 
and Lemma 2.2(d).
This note is of course related to classical topics in interpolation theory, for example to the identification of exact interpolation spaces for bounded, linear operators; we refer to the monographs by Bergh and Löfström [11] , Bennett and Sharpley [8] or Brudnyi and Krugljak [15] . It is also related to the topic of interpolation of Lipschitz continuous operators which goes back to Orlicz [27] , Lorentz and Shimogaki [22] , Browder [14] and others. We mention that there are important, recent extensions of the theory, going beyond the case of Lipschitz continuous operators, due to Coulhon and Hauer [17, Section 4] . To the best of our knowledge, it seems however that the interpolation of order preserving or positive operators is much less studied and that a characterisation of the exact interpolation spaces is missing in the context of Banach lattices. We hope to make a step towards a better understanding of this part of interpolation theory.
Partially K-monotone intermediate spaces of interpolation couples of Banach lattices
We recall a few known notions from interpolation theory. Let X = (X 0 , X 1 ) be an interpolation couple of Banach spaces. We equip the spaces X 0 ∩ X 1 and X 0 + X 1 with the respective norms
so that both spaces are Banach spaces. The K-functional from interpolation theory is given by
With the help of the K-functional we introduce the relation K on X 0 + X 1 by setting
Note that K is not an order relation, since g K f and f K g does not imply g = f . An intermediate space of the couple X is a Banach space X such that X 0 ∩ X 1 ⊆ X ⊆ X 0 + X 1 with continuous embeddings. An intermediate space X is K-monotone if there exists a constant C ≥ 1 such that, for every f ∈ X and every g ∈ X 0 + X 1 , g K f ⇒ g ∈ X and g X ≤ C f X , and it is exactly K-monotone if this implication holds true with C = 1.
We say that an interpolation couple X = (X 0 , X 1 ) of Banach spaces is an interpolation couple of compatible Banach lattices if X 0 , X 1 and X 0 + X 1 are Banach lattices, and if X 0 and X 1 are order ideals in X 0 + X 1 . The following auxiliary lemma contains some technical observations on decompositions of elements in Banach lattices and on the K-functional on interpolation couples of compatible Banach lattices.
Lemma 2.1. Let X = (X 0 , X 1 ) be an interpolation couple of compatible Banach lattices. Then:
(a) For every f ∈ X 0 + X 1 and every
For every f ∈ X 0 + X 1 and every g i ∈ X + i with |f | = g 0 + g 1 there exists f i ∈ X i such that f = f 0 + f 1 and |f i | = g i . (c) For every f ∈ X 0 + X 1 and every t ∈ (0, ∞),
Since by [26, Theorem 1.1.1 (iv), p. 3] the representation of an element in a Banach lattice as a difference of two disjoint, positive elements is unique,f 
and similarly f − =f
We have proved the first part of the statement. The rest is a straightforward consequence of this first part.
On the one hand, by definition of the K-functional, since X 0 and X 1 are Banach lattices, and by properties of the infimum,
On the other hand,
In an interpolation couple X = (X 0 , X 1 ) of compatible Banach lattices, we introduce another relation on X 0 + X 1 , denoted by K , by setting
It is important to note that the two relations K and K coincide on the positive cone of X 0 + X 1 , but they are in general not equal. An intermediate space X is partially K-monotone if there exists a constant C ≥ 1 such that, for every f ∈ X and every g ∈ X 0 + X 1
and it is exactly partially K-monotone if this implication holds true with C = 1.
Lemma 2.2. Let X = (X 0 , X 1 ) be an interpolation couple of compatible Banach lattices, and let X be an intermediate space. Then:
If X is an exact K-monotone space, then X is a Banach lattice and an order ideal in X 0 + X 1 . (c) If X is an exact partially K-monotone space, then X is a vector lattice and an order ideal in X 0 + X 1 , and for every f ∈ X
The norm f * := |f | X (f ∈ X) is an equivalent norm for which X becomes exactly K-monotone. (d) If X is an exact partially K-monotone space, then the following are equivalent: (i) The space X is an exact K-monotone space.
(ii) The space X is a Banach lattice.
which means g K 2 f . From here follows directly the implication that K-monotonicity implies partial K-monotonicity.
(b) Assume that X is exactly K-monotone. Let f ∈ X and g ∈ X 0 + X 1 be such that |g| ≤ |f |. Then, by Lemma 2.1 (c),
Since X is exactly K-monotone, this implies g, |g|, |f | ∈ X and
As a consequence, X is an order ideal in X 0 + X 1 and a Banach lattice.
(c) Assume that X is an exact partially K-monotone space. By Lemma 2.1 (c) again, for every f ∈ X 0 + X 1 ,
Hence, for every f ∈ X we deduce f ± ∈ X and thus |f | ∈ X (so that X is a vector lattice), and f As a consequence,
, which implies the inequalities in (1) . As a consequence, · * is an equivalent norm on X, and using that the relations K and K coincide on the positive cone of X 0 + X 1 it is straightforward to show that (X, · * ) is an exact K-monotone space.
(d) The implication (i)⇒(ii) follows from assertion (b) above, and the implication (ii)⇒(iii) is true in every Banach lattice. In order to show the implication (iii)⇒(i), assume that X is an exact partially K-monotone space and that for every f ∈ X one has f X = |f | X . Let f ∈ X and g ∈ X 0 + X 1 be such that g K f . This relation and Lemma 2.1 (c) imply
Since for positive elements the relations K and K coincide, and since X is partially K-monotone, we deduce |g| ∈ X and |g| X ≤ |f | X . In a similar way one shows g ± ∈ X, and hence g ∈ X. The norm equality (assumption (iii)) finally yields g X ≤ f X . Hence, X is exactly K-monotone. (1) can not be globally improved. In fact, the space X = R 2 equipped with either of the norms
in the first inequality in (1) is optimal, while in (R 2 , N 2 ) the constant 2 in the second inequality in (1) is optimal; check for example with the vector ( 1) ), the spaces (R 2 , N i ) are not Banach lattices, and therefore, by Lemma 2.2 (d), the spaces (R 2 , N i ) are not exactly K-monotone.
(b) Similarly, the spaces X = L 1 (Ω) with the norm f X := max{ f
, and for these spaces the constant 
An intermediate space X ⊆ X 0 +X 1 is called an interpolation space (more precisely, interpolation space for bounded, linear operators) if every admissible, bounded, linear operator S ∈ L( X) leaves X invariant, that is, SX ⊆ X. By the closed graph theorem, S is then necessarily bounded on X. An interpolation space X is exact if for every admissible, bounded, linear operator S ∈ L( X) + ( X) leaves X invariant, and we call it exact if in addition for these operators the inequality (2) holds. Since there are fewer positive, linear operators than bounded, linear operators, the classes thus defined are a priori larger than the classes of all (exact) interpolation spaces; cf. [23] , [10] , and [30] . If X is an interpolation space for positive, linear operators, then
defines an equivalent norm for which X becomes an exact interpolation space for positive, linear operators; compare with [8, Proposition 1.15, p. 105], which is the corresponding result for interpolation spaces for bounded, linear operators.
We call an interpolation couple X = (X 0 , X 1 ) of compatible Banach lattices an exact Calderón-Mityagin couple with respect to positive operators or an exact partially K-monotone couple with respect to positive operators, if for every positive
The following theorem shows the relation between exact partially K-monotone intermediate spaces and exact interpolation spaces for positive, linear operators. Before, however, we state an auxiliary lemma. Lemma 3.1. Let X = (X 0 , X 1 ) be an interpolation couple of compatible Banach lattices. If X 0 and X 1 are σ-Dedekind complete, then X 0 + X 1 is σ-Dedekind complete.
Proof. Let (h n ) be a sequence in X 0 + X 1 which is bounded from above by g ∈
we may without loss of generality assume that the sequence is positive and increasing. We write g = g 0 + g 1 with g i ∈ X + i , and we set h 
In particular, since the spaces X i are order ideals in X 0 + X 1 , h n i ∈ X i for every n. Since the spaces X i are σ-Dedekind complete, there exists
This means that there exist decreasing sequences (g
Since the order limit is additive by [26, Proposition 1.1.11],
that is, there exists a decreasing sequence (g n ) in X 0 + X 1 such that inf n g n = 0 (in X 0 + X 1 ) and |h n − h| ≤ g n . In particular, for every n,
Since the sequence on the left is increasing, and since the sequence on the right is decreasing to 0, necessarily h n ≤ h for every n, that is, h is an upper bound of the sequence (h n ). From 0 ≤ h − h n ≤ g n follows that h is the least upper bound. We have thus proved that {h n : n} admits a supremum in X 0 + X 1 , and hence X 0 + X 1 is σ-Dedekind complete. In the following theorem we really use the principal projection property of X 0 + X 1 , but we believe that σ-Dedekind completeness of a Banach lattice is a more common property. If X = (X 0 , X 1 ) is an interpolation couple of compatible, σ-Dedekind complete Banach lattices, then by the previous lemma, X 0 + X 1 is σ-Dedekind complete. The canonical, positive projection P onto a principal band generated by an element f ∈ X 0 + X 1 is on the positive cone necessarily given by
the supremum being taken in X 0 + X 1 . Since X 0 and X 1 are σ-Dedekind complete, and if h ∈ X + i , then supremum in the representation of P h exists also in X i and coincides with P h. In other words, the canonical projection onto a principal band in X 0 + X 1 is always admissible, since its restrictions to X 0 and X 1 coincide with the canonical projections in these spaces. (1) the couple X is an exact Calderón-Mityagin couple with respect to positive operators, (2) the spaces X 0 and X 1 are σ-Dedekind complete, and (3) for every pair of principal band projections P , Q ∈ L + ( X) and every pair of contractions
is a contraction, then every exact interpolation space for positive, linear operators is exactly partially K-monotone.
Proof. (a) Let X be an exact partially K-monotone intermediate space, and let
and therefore, by Lemma 2.1 (c), for every t ∈ (0, ∞),
Similarly, one shows that
Since X is exactly partially K-monotone, this implies Sf ∈ X and Sf X ≤ S L( X) f X . Since S and f were arbitrary, this proves that X is an exact interpolation space for positive, linear operators.
(b) Assume now in addition that the interpolation couple X satisfies the con-
Since X is an exact Calderón-Mityagin couple with respect to positive operators (assumption (1)), there exist admissible, positive, linear operators
Since X 0 and X 1 are σ-Dedekind complete (assumption (2)), and by Lemma 3.1, the space X 0 + X 1 is σ-Dedekind complete, and therefore, by [26, Proposition 1.2.11, p. 17], it has the principal projection property. By the proof of Lemma 3.1 (see also Remark 3.2), the projections P and Q onto the bands generated by f + and g + , respectively, are admissible, positive, linear contractions. Note that
We now set T = QT + P + (I − Q)T − (I − P ). Then T is admissible, positive, linear and
Moreover, by assumption (3), T is a contraction. Since X is an exact interpolation space for positive, linear operators, this implies g ∈ X and g X ≤ f X . Since f and g were arbitrary, this proves that X is exactly partially K-monotone. Let X = (X 0 , X 1 ) and Y = (Y 0 , Y 1 ) be two interpolation couples of compatible Banach lattices. In this section we study interpolation of possibly nonlinear operators. We call an operator S : 
The equivalence remains true if (Sf )
The operator S is a positive Gagliardo-Peetre operator with S GP + ≤ C if and only if, for every f ∈ D S ,
(c) If S is a positive Gagliardo-Peetre operator, then, for every f ∈ D S , f ≥ 0 ⇒ Sf ≥ 0, and
Proof. (a) "⇒" Let S be a positive Gagliardo-Peetre operator. Let f ∈ D S , and let f i ∈ X i be such that f = f 0 + f 1 . By Lemma 2.1 (a), that is, by replacing f i byf i , if necessary, we may without loss of generality assume that
In this procedure, the norms f hence, for every t ∈ (0, ∞),
Taking the infimum over all possible representations f = f 0 + f 1 (satisfying f + = f + 0 + f + 1 ) and over ε > 0, this implies
Similarly, one proves K((Sf ) − , ·) ≤ C K(f − , ·). Hence, Sf K C f . "⇐" For the converse, fix f ∈ D S . Following [15, Corollary 3.1.29], we note that Sf K C f is equivalent to Sf K∞ C f in the sense that, for every t > 0,
where
is a variant of the K-functional. Fix ε > 0 and f Similarly one proceeds in the case when f + 1 = 0. Since in the first case, ε > 0 is arbitrary, and since in the second and third case, t > 0 and ε > 0 are arbitrary (in particular, one may choose t ≤ 1 or t ≥ 1), we conclude that for every ε > 0 and every f 
Given two interpolation couples X = (X 0 , X 1 ) and Y = (Y 0 , Y 1 ) of Banach spaces we call an operator S : (c) Assume that S is a Gagliardo-Peetre operator such that D S is a lattice and 0 ∈ D S , and that S is order preserving. From the definition of Gagliardo-Peetre operator follows S0 = 0 (compare with Lemma 4.1 (c)), and since S is order preserving, we deduce Sf ≥ 0 (resp. Sf ≤ 0) whenever f ≥ 0 (resp. f ≤ 0). Since D S is a lattice and 0
, and since S is order preserving,
Similarly, since −f − ≤ f , since S(−f − ) ≤ 0, and since S is order preserving, Remark 4.4. In the context of Lemma 4.3 (d) it should be noted that there are interpolation couples of compatible Banach lattices X which are not Calderón-Mityagin couples with respect to positive operators but the implication "g K f implies g K f " holds for every f , g ∈ X 0 + X 1 . An example is given by X := (L 1 (T), C(T)). It is known that X is not a Calderón-Mityagin couple, and therefore it is not a Calderón-Mityagin couple with respect to positive operators; see [19] and Remark 4.9 below. On the other hand, the K-functionals with respect to the couple (L 1 (T), C(T)) and the couple (L 1 (T), L ∞ (T))) coincide, and the implication
, and thus also in (L 1 (T), C(T)).
In the following, we consider two classes of positive Gagliardo-Peetre operators, namely order preserving subadditive operators and order preserving Lipschitz operators. The computations in both cases are very similar. 
and admissible in the sense that there exists a constant C ≥ 0 such that, for every f ∈ X i , Sf ∈ Y i and Sf Yi ≤ C f Xi .
Then S is a positive Gagliardo-Peetre operator and S GP + ≤ C.
Proof. We assume that S : X 0 + X 1 → Y 0 + Y 1 is admissible, order preserving, and subadditive in the sense that S(f + g) ≤ Sf + Sg for every f , g ∈ X 0 + X 1 . The arguments in the other definition of subadditivity are very similar. Let f ∈ X 0 + X 1 and f i ∈ X i be such that
Then, since S is order preserving and subadditive,
Similarly, the equality −f
. By Lemma 4.1 (a), this proves that S is a positive Gagliardo-Peetre operator and S GP + ≤ C.
An admissible Lipschitz operator between two interpolation couples X = (X 0 , X 1 ) and Y = (Y 0 , Y 1 ) of Banach spaces is an operator S :
here, we interpret the right-hand side as ∞ if f −f ∈ X i , and accordingly the left-hand side being finite means that Sf − Sf ∈ Y i . The least possible constant C ≥ 0 such that the above inequality holds is denoted by S Lip . The set of all admissible Lipschitz operators between X and Y is denoted by Lip( X, Y ). Moreover, we set Lip 0 ( X, Y ) := {S ∈ Lip( X, Y ) : 0 ∈ D S and S0 = 0}, and we call the operators in Lip 0 normalised, admissible Lipschitz operators. If X and Y are interpolation couples of compatible Banach lattices, we further denote by Lip + ( X, Y ) (resp. Lip + 0 ( X, Y )) the set of all (normalised) admissible, order preserving Lipschitz operators. Here, we call a nonlinear operator S order preserving if Sg ≤ Sf whenever g ≤ f . 
for C = S Lip . Conversely, if for everyf ∈ D S the renormalised operatorS is admissible and satisfies (4) (with a constant C ≥ 0 independent off ), then S is an admissible Lipschitz operator and S Lip ≤ C. By this renormalisation, it is therefore no loss of generality if we restrict in the following to operators S satisfying 0 ∈ D S and S0 = 0, at least in the proofs. We finally remark that if X = (X 0 , X 1 ) and Y = (Y 0 , Y 1 ) are interpolation couples of compatible Banach lattices, thenS is order preserving if and only if S is order preserving.
We call a subset A of an ordered Banach space X solid if g ≤ h ≤ f for f , g ∈ A and h ∈ X implies h ∈ A.
Lemma 4.7. Let X = (X 0 , X 1 ) and Y = (Y 0 , Y 1 ) be two interpolation couples of compatible Banach lattices, and let S ∈ Lip + ( X, Y ) be an admissible, order preserving Lipschitz operator such that D S is a solid lattice. Then, for every f ,
and, for every S ∈ Lip
Proof. Let S ∈ Lip + ( X, Y ) be such that D S is a solid lattice. Fixf ∈ D S , and consider the renormalized operatorS defined in Remark 4.6. Then 0 ∈ DS and S0 = 0. Moreover, S Lip = S Lip ,S is order preserving and DS is a solid lattice. By Lemma 4.1 (b), it suffices to show thatS is a positive Gagliardo-Peetre operator and
(compare with Lemma 2.1 (a)). From the lattice property of DS and the property 0 ∈ DS it follows that
Then the assumption that DS is solid and the inequality 0 ≤ f
Hence, sincẽ S is order preserving,
, and sinceS is an admissible Lipschitz operator,
By Lemma 4.1 (a), this proves thatS is a positive Gagliardo-Peetre operator and S GP + ≤ S Lip .
In particular, we have proved that any normalised, admissible, order preserving Lipschitz operator S, such that the domain D S is a solid lattice, is a positive Gagliardo-Peetre operator and S GP + ≤ S Lip . Finally, it suffices to note that every admissible, positive, linear operator is Lipschitz continuous, order preserving, and its domain (being the whole space X 0 + X 1 ) is a solid lattice.
Theorem 4.8. Let X = (X 0 , X 1 ) be an interpolation couple of compatible Banach lattices, and let X be an intermediate space of X. Consider the following assertions:
(i) The space X is an exact partially K-monotone space.
(ii) The space X is an exact interpolation space for positive Gagliardo-Peetre operators on X, in the sense that for every S ∈ GP + ( X) and every f ∈ X ∩ D S one has Sf ∈ X and Sf X ≤ S GP + f X . (iii) The space X is an exact interpolation space for order preserving Lipschitz operators on X, for which the domain is a solid lattice, that is, for every S ∈ Lip + ( X) such that D S is a solid lattice, and for every f ,f ∈ D S one
The space X is an exact interpolation space for positive, linear operators on X. (ii)⇒(i) Assume that X is an exact interpolation space for positive GagliardoPeetre operators on X, and let f ∈ X and g ∈ X 0 + X 1 be such that g K f . Consider the operator S : X 0 + X 1 → X 0 + X 1 given by Sh := 0 for h = f and Sf = g. By Lemma 4.1 (b), S is a positive Gagliardo-Peetre operator and S GP + ≤ 1. Since X is an exact interpolation space for positive Gagliardo-Peetre operators on X, this implies g ∈ X and g X ≤ f X . We have thus proved that X is an exact partially K-monotone space.
The implication (i)⇒(iii) follows from Lemma 4.7, while the implication (iii)⇒(iv) follows from the simple observation that every admissible positive, linear operator is order preserving, Lipschitz continuous and everywhere defined on X 0 + X 1 (hence, its domain is a solid lattice).
If, in addition, X = (X 0 , X 1 ) is an exact Calderón-Mityagin couple with respect to positive operators, and if both X 0 and X 1 are σ-Dedekind complete and satisfy the condition (3) from Theorem 3.3 (b), then the remaining implication (iv)⇒(i) follows from Theorem 3.3 (b), and thus all four assertions are equivalent.
Remarks 4.9. (a) There are exact interpolation spaces for bounded, linear operators (in particular, they are exact interpolation spaces for positive, linear operators) which are not exact interpolation spaces for positive Gagliardo-Peetre operators. As a consequence, the implication (iv)⇒(ii) in the previous theorem (or, equivalently, the implication (iv) ⇒ (i)) is not true in general.
Indeed, consider the interpolation couple X = (X 0 , X 1 ) of finite-dimensional Banach lattices X 0 = X 1 = R 3 , equipped with the Lorentz norm · v and the supremum norm · ∞ , respectively. Here,
where x * is the decreasing rearrangement of x and v 1 ≥ v 2 ≥ v 3 ≥ 0. By [29] (see also [1, Theorem 2] ), if v 1 = v 2 = 1 and v 3 = 0, then this interpolation couple is not a Calderón-Mityagin couple. Hence, there exists an exact interpolation space X for bounded, linear operators which is K-monotone but not exactly K-monotone [21, p. 29] . The latter means that there exist f , g ∈ X such that g K f and f X < g X . Now, g K f is equivalent to |g| K |f |. It is easy to see that in an interpolation couple of compatible Banach function lattices every exact interpolation space is a Banach lattice itself. In particular, for every f ∈ X, |f | ∈ X and f X = |f | X . In our situation this implies that |g| K |f | and |f | X < |g| X . Therefore, the space X is not exactly partially K-monotone.
(b) There are exact interpolation spaces for everywhere defined Lipschitz operators which are not exact interpolation spaces for positive Gagliardo-Peetre operators, that is, a weaker variant of assertion (iii) (consider only admissible Lipschitz operators with D S = X 0 + X 1 ) does in general not imply assertion (ii).
Indeed, the first part of the proof of [15, Theorem 2.5.23; pp. 234] shows that each exact interpolation space for bounded, linear operators of a finite-dimensional regular interpolation couple is an exact interpolation space for Lipschitz operators. We recall that an interpolation couple X = (X 0 , X 1 ) of Banach spaces is regular if the intersection X 0 ∩ X 1 is dense both in X 0 and X 1 . In the case of finitedimensional spaces this just means dim X 0 = dim X 1 . Hence, the example from point (a) above serves also as an example in this case of Lipschitz operators.
(c) We do not know if there are exact interpolation spaces for positive operators which are not exact interpolation spaces for order preserving Lipschitz operators, that is, more precisely, whether the implication (iv)⇒ (iii) is true in general or not.
(d) As mentioned in the introduction, there are very few results on the interpolation of positive / order preserving operators on Banach lattices. In the case of the special interpolation couple (L 1 , L ∞ ) (compare with Theorem 1.1), a variant of the equivalence (i)⇔(iii) (with a different condition on the domain of the Lipschitz operator S, and without the assumption that the measure space is σ-finite) is contained in Bénilan and Crandall [6] . It is basically a consequence of the BrezisStrauss variant of the Riesz interpolation theorem [13] ; see also the discussion after Corollary 6.1 below.
(e) The implication (i)⇒(ii) of Theorem 4.8 together with Lemma 4.5 yields a result by Maligranda [24, Theorem 6] on interpolation of order preserving, subadditive operators in Banach lattices of measurable functions. In general Banach lattices, this result has been proved by Masty lo [25, Theorem 2.1], however, under the stronger condition that the operators in question are positive, order preserving and sublinear. Here, sublinear means subadditive in the sense that S(f + g) ≤ Sf + Sg, and in addition S(λf ) = λ Sf for every f ∈ X 0 + X 1 and every λ > 0. The latter homogeneity condition can actually be dropped.
Hence, in the case of σ-finite measure spaces, the relations and
Similarly, the relations and K coincide, and hence the class of exact partially monotone spaces coincides with the class of exact partially K-monotone spaces. Hence, assertions (i) and (ii) are equivalent.
Applications
Nonlinear semigroups generated by completely accretive operators. An operator A ⊆ X ×X on a Banach space X is accretive if, for every (u, f ), (û,f ) ∈ A and every λ > 0, u −û + λ(f −f ) X ≥ u −û X , and it is m-accretive if it is accretive and in addition range (I + λA) = X for some/all λ > 0. By the Crandall-Liggett theorem [18] (see also [4, is wellposed, that is, for every u 0 ∈ D A this Cauchy problem admits a unique mild solution. In this case, the orbits of the semigroup u(t) := S t u 0 are the unique mild solutions. Now, let (Ω, µ) be a σ-finite measure space, and assume that X is an intermediate space of the interpolation couple (L 1 (Ω), L ∞ (Ω)). We call the semigroup order preserving if, for every u, v ∈ X,
and we call it L ∞ -contractive if, for every u, v ∈ X,
as before, we interpret the right-hand side of this inequality as
, and the left-hand side being finite means
. In a similar way we define L 1 -contractivity of the semigroup: simply replace the L ∞ -norm by the L 1 -norm in the above inequality. An operator A ⊆ X × X is completely m-accretive if it is m-accretive and if the semigroup S generated by −A is order preserving, L 1 -contractive and L ∞ -contractive. From our abstract results, we obtain the following corollary.
Corollary 6.1. Let (Ω, µ) be a σ-finite measure space, and let X be an exact partially monotone interpolation space of the interpolation couple (L 1 (Ω), L ∞ (Ω)). Let A ⊆ X × X be a completely m-accretive operator, and let S be the semigroup generated by −A. Assume that D A is a (not necessarily linear) solid lattice in L 1 (Ω) + L ∞ (Ω). Then S is X-contractive for every exact partially monotone space X in the sense that, for every u, v ∈ X, S t u − S t v X ≤ u − v X for every t ∈ (0, ∞).
It should be noted that Corollary 6.1 is a special case of [6, Proposition 4.1] which states that under the assumptions of Corollary 6.1 the semigroup S is completely contractive. This means that S is not only X-contractive for every exact partially monotone interpolation space, but that it is N -contractive for every so-called normal function N :
The class of normal functions contains all norms · X (extended by ∞ outside X) of exact partially monotone interpolation spaces X, but it also contains functions which are not coming from norms. The notion of N -contractivity is, however, defined similarly as X-contractivity: simply replace the norm in X by the function N . The result in Benilan and Crandall is basically a consequence of the Brezis-Strauss variant of Riesz' interpolation theorem [13, Lemma 3 and Lemma 3 * ] (see also [6, Proposition 2.1]) which admits a rather elementary proof. We recall, however, that our aim was to provide a structural proof leading to interpolation results in general Banach lattices.
Nonlinear semigroups generated by Dirichlet forms. Let (Ω, µ) be a σ-finite measure space. The subgradient of a convex, lower semicontinuous, proper function E : L 2 (Ω) → R ∪ {+∞}, given by
is an m-accretive (equivalently, maximal monotone) operator on L 2 (Ω) [ The negative subgradient therefore generates a semigroup S = (S t ) t≥0 of nonlinear contractions on L 2 (Ω) which is strongly continuous on (0, ∞); note carefully that in contrast to the Banach space case, the semigroup is here defined everywhere on L 2 (Ω), but only for u ∈ D E the orbit t → S t u is continuous up to t = 0. A convex, lower semicontinuous, proper function E on L 2 (Ω) is called Dirichlet form, if the semigroup S generated by its negative subgradient is order preserving and L ∞ -contractive. Barthélemy [5] and Cipriano & Grillo [16] have characterized Dirichlet forms intrinsically. In fact, the semigroup S generated by the subgradient of E is order preserving if and only if, for every u, v ∈ L 2 (Ω),
and it is L ∞ -contractive if and only if, for every u, v ∈ L 2 (Ω) and for every α ≥ 0,
By a duality argument due to Bénilan & Picard [7] , if the semigroup S is L ∞ -contractive, then it is also L 1 -contractive. The following result then follows immediately from Corollary 6.1.
Corollary 6.2. Let (Ω, µ) be a σ-finite measure space. Let E be a Dirichlet form on L 2 (Ω), and let S be the semigroup generated by its negative subgradient. Then S is X-contractive for every exact partially monotone space X in the sense that, for every u, v ∈ L 2 (Ω), S t u − S t v X ≤ u − v X for every t ∈ (0, ∞).
A typical example of a Dirichlet form is the energy of the p-Laplace operator, say with Neumann boundary conditions. In this case, Ω is an open subset in R N , p ∈ (1, ∞), and, for every u ∈ L 2 (Ω),
Here, the gradient ∇u is to be understood in the distributional sense. One easily checks that E is convex, lower semicontinuous and that the effective domain D E is dense in L 2 (Ω), so that the semigroup S generated by −∂E (= ∆ p , the p-Laplace operator with Neumann boundary conditions) is strongly continuous up to t = 0 on the entire space L 2 (Ω). The fact that E is a Dirichlet form can be easily checked with the help of the Beurling-Deny type conditions due to Barthélemy and Cipriano & Grillo. The fact that the semigroup S is X-contractive for every exact partially monotone interpolation space X of (L 1 (Ω), L ∞ (Ω)) (Corollary 6.2) then means that the associated parabolic problem ∂ t u − ∆ p u = 0 in (0, ∞) × Ω, ∂ ν u = 0 in (0, ∞) × ∂Ω, is wellposed in every exact partially monotone interpolation space and that it generates a contraction semigroup in these spaces.
